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ABSTRACT

In this paper, we study the asymptotic distributions of the functions
of the occurrence/exposure rates of several groups of patients as well as
Berry-Esseen bound on the distribution function of the occurrence/exposure
rate., Asymptotic distributions of functions of the simple risk rates are

also derived. The resulis are useful in not only medical research but also

in the area of reliability.
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1. INTRODUCTION

ARRR
)

In medical studies, it is of interest to study the association between

the occurrence of certain diseases and the exposure factors. Various measures

y T
o,
\'.5

of risk of a disease are considered (e.g., Breslow and Day (198C), Howe (1985))

in the literature. One such measure is the ratio of the number of patients

DA BT =)

died to the total number of individuals observed in a fixed time period. Using

. .,... .

this measure, various authors have studied some of the statistical problems

.,
PR
h‘g

connected with the risk rate. Another measure used in the literature for the

.‘[
» l.
PO

N

-y .

risk is the ratio of the number of persons died to the total number of years

PRl )

IR
exposed to risk. For surveys of some developments on the theory of occurrence/ giéfﬁ
exposure rates, the reader is referred to Berry (198%) and Hoem (1976). The fj’i_
main object of this paper is to study some problems connected with the occurrence/ E;EE
exposure measure. Some results are also obtained on risk rates. ;g?i

Suppose an experiment is conducted for a fixed period of time T and n ik{f
patients are observed during this period. Also, let X; denote the total time Egtg
i-th patient is exposed to risk. Then, the risk measure considered in this Eiﬁsz
paper is f:n

B
%
-.‘_\__-_<
R, = Vp/U, (1.1) i
where U =Yy 4.4 Y,V =2 +...+ 7, and =
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The denominator in (1.1) is known as person-years.

In Section 2 of this paper, we establish asymptotic normality of a
function of Rn' In Section 3, we establish the Berry-Esseen bound
on the distribution of Rn‘ This bound is quite useful since it gives an
upper bound on the absolute value of the difference between the distribu-
tion functions of Rn and the normal variable with mean zero and variance
one. The bound is of order c/V/n where ¢ is a constant and n is the sample
size. The asymptotic distributions of the ratios of the measures in several
groups are given in Section 4. In Section 5, we consider the measure Vn/n
and give results analogous to those given in Sections 3 - 4 for the measure
Rn. The results of this paper are useful not only in medical research but
also in the area of reliability. For example, consider the situation when
n items of an equipment are under test for performance under stress over a
period of time T. A measure of reliability of the equipment is the ratio
of the number of items which did not fail to the total number of items under
test during the period of time T. It is also of interest to find the ratio

of the number of items which did not fail to X, + ... + Xn where Xi denotes

1
the duration of the time i-th item is under test.
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2. ASYMPTOTIC NORMALITY OF THE CCCURRENCE/EXPOSURE RATE

Let p = P[Xi>T] = 1q. If p =1, then Rn = 0 whereas R, = n/
(X1 +...+ Xn) when p = 0. Both of the above cases are simple and so we
deal the case when pe(0,1).

Using strong law of large numbers for i.i.d. sequence , we have

(Vn/n) +q almost surely (a.s.) and

1

as n -+ =. Hence, Rn + q/u a.s. Now, let Ni = uZi - in » r=q/u

and .
=/n (Rn-r)

= [ E W, ]
W R g (2.1)

Here {wi} is a sequence of bounded i.i.d. random variables with mean zero.

n
So, by central 1imit theorem, we observe that wi//TT is asymptotically

i=1

distributed as normal with mean zero and variance 02, where
of = E(W) = E(uZ;-qV )2 (2.2)

Since -% uUn > u2 a.s., we obtain that £n is asymptotically distributed as

normal with mean zero and variance c2/u4.
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5

Now, let f(+) denote a function which is continuously differentiable

for two times around r, say in (r-s , r+s§), 6§ > 0. By Taylor's expansion,

if [R-r| < /2, we obtain

/T(f(R“)-f(r))

= PNy ¢ ),
n

where Zn is a number between r and Rn' Because f" 1is bounded in the

interval (r-s/2 , r+§/2), En tends to a normal variable in distribution _’f'
.':'l::

and P(|R -r|>§/2) > 0, and we have the following theorem. o
.':
'ft N

THEOREM 1

NN
RAPENDA

Under the condition mentioned above, ,

’ 22,4 3

n (f(Rn)-f(r)) + N Q), (f'(r) o /u' ). .-

AN

In practice, the asymptotic variance of v/n (f(Rn)-f(r)) is unknown. :\

".,\

In such situations, we use the following approximate confidence interval on g
o F

. \‘. 1

f(r):

o

Q0
5%
SR
NS

PaLs
I’\
PP

N Y

7 (-6 < a.a0)

e

PRET YR T
.

where a(f) can be taken as

(.rrﬂftnn)l/u,z,) \/gl(,gl(vizj-vjzi))z

J: 1=

which is a consistent estimate of |f'(r)|o/u2 and d_ is the upper 100a%

point of the normal distribution with mean zero and variance one.
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3. BERRY-ESSEEN BOUND FOR THE DISTRIBUTION OF THE OCCURRENCE/EXPOSURE RATE

Let
n
n =l‘_2. 2 =M.. 1 Z W : :
oo Uy R e D
'.’\"
. , S
Then, according to the result proved in previous section, UM is PO
AT

asymptotically distributed as normal with mean zero and variance one.

|

Let Fn denote the distribution function of n_ and ¢ that of the

n
standard normal. In this section, we shall prove the following.

THEOREM 2
There exists a constant ¢ such that

PF, = o) = sup|F (x) - o(x)} <c//n (3.1)
X

where ¢ is the standard normal distribution function. In the sequel,

we need the following lemma.

LEMMA 1

Let (X Yn’ Zn} be a sequence of random vectors with relation

n’

kn =Y, +Z, and let F_, G denote the distribution functions of X

and Yn respectively. If there exist constants Ci» i=1,2,3, such that
1) |16, - ol < ¢/
2) PUZ,| 2 e/ W) < cylVT

then there exists a constant Cq such that

|17y = oIl < cqt/m .

Q..

.................
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For a proof of the above lemma, the reader is referred to X.R. Chen (1981).

e
Now, we turn to prove Theorem 2. Let Zj;:.:'_{-
Lo
)
nu _ 1 0 4o
T=1+3 Z (1-(Y1./u))+ A (3.2) ¥
n i=1 .
Then '
Np = Sy * 8+ a0+ apt +aptt, (3.3)
where
s =L ¥y (3.4)
" e qel 1 '
ol = -3}2- Z W, (1-Y./u), (3.5)
N % 1<ifj<m J :
wo_1 1
An = ;37—2— 'z N1(1-Y1/u), (3.6)
g i=
A= ol YW (1-Y, /u) (3.7)
n n§720 17] i ’ '
LI I 2
Ap' = ApS,s (3.8)
and m = n - /n, the summation 21 runs over all possible values of i and j such

that 1<i<n, m+l<j<n, i#j or 1<j<n, m+l<i<n, i#j.

At first, we see that

P(lam] > /L_n) < nE(am)?

o"2n2 21[Ew§(1-Yi/u)2 + 2EM, W, (1Y, /u) (1-Y/u)]

< 30-2p"1/2 wa (1-Y,/u )2

hd -, “ - _"w . Ta - - » L] - » - - . o
A - 3 > -‘. o N .r '-. K W A ) FAC N 4-_- " - -~ -. o \.-. o. - ..'.-_'- .,
N Y A N e N Y Y AN 5



P(lA',',I > C//F)

n
P(|.21W1(1-Yi/u)| 3_cvn)
i=

I A

n
P(Iiz1 Ni(l-Yi/u) - Ewl(l—YI/u)l > n)

< h'IVar (wl(l-Y1/u)) <c//n
We now estimate AH"'. Define the event

E, = (] 5 1 (1-V/u)] > 33

1

Hne~-13
—

L, Hoeffding inequality (see Hoeffding (1963)), we have
P(En)‘i 2 exp{- 2n(1/2T)2}.

Let Ez denote the complement of the event En. When Eﬁ

have
i
P(la' ' > 1//)

= P(lapS,l > 17/m)

< P(E)) + P(EL, [S8,] > 1//7W)

15 (L Y ar )y oL F 2
8,1 |k22(" _Zl(l Yi/u)) l:z(ﬁizlu-vi/u)) :

where and in the sequel ¢ denotes positive constant but may take different

value at each appearance. Also,, for any ¢ > o1 (IENI(I-H./u)|+ 9, we have

(3.10)

(3.11)

is true, we
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1 7 2 n -
- < P(En) + P(Z (i izl(l"Y.‘/U)> l /:;_0 121 N1| > 1//?) -.f::
." - -'.
N i
3 1 &
N n - n W
D <P(E) +P <|l } (1-Y./u)] > 2— 10 Blepftl Y-8 (3.12 Y
& ) i U T s ikl 2 ! ...

By Hoeffding inequality, we get

1
P+
(“11

5 2 exp{- 2n(—Y—n ~3/8)2,
V2 T

VSN "-.\l

TONS
I

ne-i1zs

(I’Yi/u)l‘z—l—'n-3/8) =t
Z

-
«

e
3

’ &I‘-‘":’"f‘: *

s e,
Pl
L

P
LS N

YT e Y e,

<c/Vn (3.13)

n
P<| L 2 wjl.’.nl/4)
Yyno i=l

< 2 expi{- 2"(T%T)"-1/4))2}.i c//n . (3.14)

and

A v Y
‘.‘,.".‘-’1.'1;.‘/./‘.
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R
l'f_:

A\l °y -
LA A
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From (3.11) - (3.14), it follows that

Vol

~a /:’/":l

P(IA'A"I > 1//?) <oV

'y .\."-'.
PR

Applying Lemma 3.1 to prove Theorem 2, we only need to prove that

PR A

116, - e[| <c//m (3.15)

.,
N/

where Gn denotes the distribution function of Tn = Sn + Ah, and Sn’

. T
N T

A, were defined in (3.4), (3.5).
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Now, write 321

fn(t) =E exp{its,},
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Then, we have
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I (0)-F (6)] = [Ee (e ™-1)]
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P 48 S ae
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where o is a complex function of tAﬁ with lenl < 1. Hence, o is

N 2
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Pard

Thus

L 4
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its its
E(an)?e e "I < E(a)PlEe . (3.17)
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Now let
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Then we have
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V()] expt- 5 2 + & 1e1% Ela 1) (3.18)
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(The proof of (3.18) can be found in Chapter 5 of Petrov's book (1975)).

Therefore there exists a constant §; > 0, such that for any |t| < 8

Iv(t)] < exp{- —}[tz}.

Hence for |t] < 61/7, we have

and

Note

E(ep)” = 7

its
lEe "] < |v(tiym /M ]

< exp{- t2/4/w )

|E explit(S -(a;+a)//n )}

= Iv(t/n/T)l"'2 < exp{- tz(n-Z)/4n}

< exp{- t2/5} for large n.

Nao

< ¢/n.

2

Hence from (3.17), we get for |[t| < 51/_n .

2

t

Now write

| &

L

itsS
E(A';)Zene " < c(t2/n) expi- t2/4/m }.

gn(t) = Eb;p exp{it(a1+a2)//7) .
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Since Eb12 = 0, Eblza1 = Eblza2 = 0, we have

t2 2
lgn(t)| *7n E(lblzl)(al+32)

(3.23)
< ct2/n.
By (3.21), (3.23), we have for |t| < 8, /n o,
itsn m(m-1
|Ease |:n ; lg,(t)] [E exptit(s -(a;ta,)/vVn)l|
< ct?n" V2 expi- t¥/5). (3.24)
From (3.16), (3.22) and (3.24), we get
- 3 2 2 2
£, (t)-F (t)] < c(}}n_l— et/ L st (3.25)

By lemma 1 in Chapter 5 of Petrov (1975), we have for |t| < sz’_n—, 5, > 0,

2 3 2
£ (t)-et /2] < J}"J_— et /8, (3.26)
n

Thus (3.25) and (3.26) yield for |[t| <& /n
. 2 3 .2 2 .2
lfn(t)-e't /2l < c[(ltl e~t/8 tT et /4/’n‘] (3.27)
/n
where 6 = min(sl,sz) > 0. From (3.27), it follows that

i 2
f —i- IF (t)-e" /2)4¢
|t]<s/n
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Here the estimate of the last integral can be obtained by making variable

transformation u = tn'1/4. Then using Berry-Esseen's basic inequality,

o

I
ol

we prove (3.15). This completes the proof of Theorem 2.
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4. ASYMPTOTIC JOINT DISTRIBUTION OF FUNCTIONS OF OCCURRENCE/EXPQSURE RATES o
Let X{J),...,ng) s (§=1,2,...,5) be a sample drawn from the j-th

population where XgJ) denotes the observation on i-th individual in j-th :

population. Also, let ot

x{) if a8 o1 5P

— ot

Yga)

oy

E

T otherwise

\..\‘

L |
L}
LA P

ST

1 TSP

N

ZgJ)

n
’
¥
PRI 3

PN Y
Y

0 otherwise,

. for j =1,2,...,s and i=1,2,...,nj. Now, let

LRI
D) [ . "’ .

NS A
LA I

N (3) 2 y(3),,03)
2 Rn; = vn; /un; (4.1)

for j=1,2,...,s, where

AN

SRR

o
.

[ AR

4

() "{ @) @) .Y
p\d) - vy 7397, 4.2
"= ! I W (4-2)
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We know that

IR/
!\."
pd

R’(‘J:) -» Y‘j a.S. j = 1)2)..- ’s . (4.3) ::-‘..\‘\;

J YOS
Let f(xl,xz,...,xs) be a function which is continuously differentiable RO

for two times in a neighborhood of (rl....,rs). Suppose that ry

IL‘.’A ,I_’
L,A_,‘. Wi

n/nj > Xj <w ,a N+, (4.4)

¥
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where n = n +,00. 9t nj.
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Then
ey (f(R’(‘I). Rf‘z),...,nf,:)) - f(r) rz,...,rs))
s . s S .
= § eVl Vo o gl)e(k), (4.5)
sh 3VAg o L YA Sk
when R(l), R(z),....Rgs) falls in the neighborhood of (rl,....rs) in

" ) 3
which f 1is differentiable. Here

Bf(xl,...,xs)

(-1}
[[]

j axj (xl,...,xs) = (rl,...,rs) v J = 1,250,048,
sz(xl,...,xs)
a, = ,
jk IXGIX l (xl,...,xs) = (tyseeenty) 5 3,k = 1,2,0008
and (t;,...,t.) {is some point on the linear section joining Rélz...,Rés)
1 S

and (rl,...,rs). Let B be a non-trivial closed ball with center

(rl,...,rs) which is contained in that neighborhood of (rl,...,rs). Then,

P((R,(‘i),...,R’(‘Z)) 4 @ - 0.

Since
'ajkl <M
for all j,k=1,2,...,s and some M when (Rﬁl),...,Rgs)) ¢ B, we obtain
1

S
(13, il a4 2 o

a.
j=1 k=1 Y

<p((0 )+ § S P(ls,‘,j’ﬁ.“:’l -vﬁni)°

js =]
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Hence
(1) (s) 2
v (%(Rnl e R < flrpaer) O o) (4.6)
where s
2 ¥ 2 2,4
: o = b 4 Aoy
: e yld)
l uJ E Y1 ’
[
N‘ »
c q; = P(X(J) < T)
: i 1
/ and

o = e{I)? = g(uz{d) - g2,

. Also, using the same approach to prove Theorem 2, we can establish

the Berry-Esseen Bound for the distribution of %;i; (f(Rgl),...,Rgs)) -
' f 1 s

f(rl,...,rsa . The details are omitted here.

An important special case for f is f(xl,xz) = xl/xz. In this case,

f(Rgl),Rgz)) = Rgl)/Rgz) is called the ratio of occurrence/exposure rates.
1 2 1 2

o -
.
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‘e N -
‘. 4 S.
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b AR
lﬁﬁ”

21 g(2)

is denoted by ﬁh » and we have
ny TN, n

L
O /

iy (R = ry/rp) > N(O, o°) (4.7)
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g =2a

2. 2,42 2,8 ik
1191791 + 322905/, oy
and qc';'. 3

a']. = 1/"2 ’ a2 = - rllrg . RS
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n
Note that Rr(‘:) may be zero. ::However, P(R'(]:) =Q) = p22 + 0,38 N+ =,
Any way, the definition of RRn for Rr(;) = 0 does not affect the limiting
’ result for the distribution of RRn. However, for small sam;ﬂe problem, we
] have to make an explicit distribution of RR. == when Rr(‘2 = 0. Define
N 2
?.: RR" =1 when Rr(11) = Rr(‘:) =0 and RRn = =, Now let the commen density of
: ng),...,x(J) be given by . rT‘f
< nj el
3 T 0 R
. a3 exp{- a5X i X > o8
: 9;(x) = .
= 0 otherwise I,
2 :;4-::-':
. el
v and let pj = P[XgJ) >T] for j =1,2. We have D
" ~-J:“’
{' te T
-.' Pl n n '..f:A:,
P(RR=0) = p,'(1-p,") W <
W
) A\ nl nz g
, P(RR,=1) = p,'p, (4.8)
¢ n n
™ 2 1
: P(RR==) = p,“(1-p;") )
\ . d
‘_: It is known (see Beyer, Keiding and Simonsen (1976)) that R’(‘J.) has an atom at i
N n. J N
s the orgin with a mass P]J and a density :'-"' x
n ;:-_.'\',.
> J fn.\ n.,-k S
- £ = ( J) ) krk-1,,-2 - o (kelne + 2
= J(x) kzl ‘ PJ uJT kx~ “exp{ “J(k (n-k)Tx)"/x} _::::\:
-y Y
o 2533
uL(k=(ns-K)Tx)*/x] 1 (x), ' XN
’ ‘.n '-
AN
5 for j = 1,2, where I[a,b](x) is 1 or 0 according as x is in [a,b] or not. Hence, :i:é:-
- the distribution of RRn, besides the three atoms given in (4.8), has a density t' =
-t \.‘_'..’:.
N which can be computed from the following :::I’-;.,
N 100 = | ftyney (4.10)
0
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g Now, let

" (1) (s)
. = -
h;-\ Li /T {fi(Rnl ge 0. ’Rn ) fi(rl’...’rs)}
" S
. (1) (s) i
for i =1,2,...,k, fi(Rnl ,...,Rns ) is a continuous twice-differentiable a)ﬁﬁf
s el
. function of R, RES) around r.,....r.. We have proved earlier the W
X nl ns 1 S ..-'\),4
W
" asymptotic normality of Ll' Following the same lines, it is easily seen bltz
! that the asymptotic joint distribution of Ll"" ,Lk is multivariate normal. ‘,E’.*
o o 2]
E; But the asymptotic covariance matrix of Ll""’Lk is isually known. We :é;:{
<+ . Ry
Eé will now construct approximate confidence intervals on fi(rl,...,rs) when Q??;
e
x the covariance matrix C = (c;i) of Lys-..sly  is non-singular, where ::f:
N s - RN
-t _ = B
: it 7 gh e 25
2~ ’ =t
and » G
v "\ ".
. 2 _ Bf.i (X.i ge o ’XS) :::::.‘
NE iej axj (xl,...,xs) = (rl....,rs) RN

A

1

-

TR
./l.’

ol
ida

In these situations, let E be a consistent estimate of C. Then L'é'

QR is approximately distributed as chi-square with s degrees of freedom for X!
h'r\ l.':'..:‘:
;f large samples where L' = (Ll,...,Lk). Using this, we obtain the following '}ZEJ
e :i AN
L approximate confidence intervals on linear combinations of fi(rl,...,rs) s =g
LA

(1 = 1,2,...,k): N

I.‘.-'\-A:

(1) (s) \ 2\ 1/2 o

o E'(f“‘nl oo RN e r ) < (g a0 Ca) o

s e

for all nonnull vectors a:kxl where

n

<,

f(rl,...,rs) = (fl(rl,...,rs) seees fk(rl,....rs)y

(]
!

[4

(]
s

and 9, is the upper 100a% point of the chi-square distribution with s

h)
. 8,

.f .'/ '.I

degrees of freedom. The above confidence intervals are useful in constructing
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= 2,...5K) ,

i<

5(

Y‘_-'/P1+1 (i=1,2 (2R ,k-l) .

ri/rs (i=1,...,k-1) , ri/r
We can also construct simultaneous confidence intervals on fi(rl,...,rs)

simultaneous confidence intervals on various ratios like
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5. INFERENCE ON SIMPLE RISK RATES

In this section, we compare the simple risk rates of different groups of
patients who are observed for a fixed period of T years and each group may
be subject to a different exposure factor. Here a simple risk rate of j-th
population is defined as the proportion of individuals in that population who
died during the period of observation. In this section, we use the same
notation as in the preceding sections.

The sample estimate of simple risk rate for j-th population is Vf = ng).

* *
Now, let fi(vl”"’vs) » (1=1,2,...,k), be a continuous twice differentiable

* *
function of Vl,...,V

s around Qys---5Q

s
Using Taylor's expansion, we obtain

* *

*
L.i = V}_n— {f,i(vl,... ,Vs) - fi(ql,...,qs)}

s s s
= jzl a5 /n/n; By + L 11 a /n7n.h BB, (5.1)

/e ke 9K

] () /n.y - * ) g
where Bj /ﬁ; (Vn_ /"j) a3 Vj Vn_ , an

J J
afi azfi
a-.' = % ’ a°.‘ = s 5.2
i Tl . igk 3V§;;: V-4 (5.2)

N . A
vV = (VI,...,V;)' and q = (ql,...,qs)' and q 1is some point on the linear

section between q and V*. As n > =, Bj is distributed as normal with

quj' So, when n, Npseessle > =, the joint distri-
* *
bution of Ll""’Lk is multivariate normal with mean vector 0 and covariance

mean O and variance

* *
matrix C =(cn) where

e
N,

- ..,..,
R '-."l “..... LAY

Cimae -
LRt
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\l‘\/
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* n A
C:, = 2 a;.2,:2.q:p. . (5.3) .:_‘:."_.-“
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Ak * *
Let C be a consistent estimate of C . When C is non-singular and
n + =, we can use the following approximate simultaneous confidence intervals
1~ %
for the linear combinations of SIETERL by using the fact that V CV s

approximately distributed as chi-square with s- degrees of freedom
. * * '** 1 2
7 2t (00 ) = Flaganeniag)] < (€)Y (5.4)

where f(ql,...,qs) = (%l(ql""’qs) se oo fk(ql,...,qs)>' and h is the
upper 100a% point of the chi-square distribution with k degrees of freedom.
S . * * * ok * *
ome special cases of fi(vl""’vs) are, V1/VS , Vi/Vi+1, etc. From
the results given above, it is easily seen that /n1+n2 (R12 - (qllqz)) is

distributed normally with mean zero and variance og where

2 2 2 4 o xx
Oy * (Alqqupl + ququpz)/QZ s R12 = VI/VZ

when " and n, tend to infinity. Following similar lines as in Section 3,

we can show that

C

[IF -9]| <

n,+n -
172 ny*n, .

. . . . . -1 a

where Fn1+n2 is the distribution function of /n1+n2 oy Rip - (q,/9,) and

¢ 1is the distribution function of the standard normal distribution.
We know that Vﬁ%) follows the binomial distribution B(nj . qj), Jj =1,2,..

whatever the underlying distributions are. Hence, we have

( 0.

n n .
(1-q,) 1T1-(1-g,) 21, it x
n n .
CREREN (-1 ) (1-0,) 2 if

- RYAL ny-k, K n,-k, k
1 1 2 2 2 :
E gki)(kZ)(l'ql) lq1 (1-q,) q, *» otherwise.

b
"
8

\

Here, the summation j{:l runs over all possible values of k1 and k2 such that

l<ks<n ,1<ky,<ny and (ky/n;) = x(kp/ny) and the term for ky =k, =0

appears only when x = 1.
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If qj is small related to nj » J = 1,2, by the well-known Poisson ..
limit theorem, we know that Vn is asymptotically distributed as Poisson
J
distribution P(x,), where . = n.q.. Hence
J J JJ
-2 -2 . _
e 1 (l‘e 2) N if x = 0,
=-A -A
s _ . 1 2 . = w
P(Rlz—x)- (1-e ") e , if x
k, k
'y "M
L wreT e e otherwise.
2 "1° e
Here the summation 22 ‘runs over all possible values of kp and Kk,
such that k; 2 1, ko 21, ky/ny = k2 x/n2 and the term for k; =k, =0
appears only when x =1.. .
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